The last twenty years or 0 have seen a marked decline in
the teaching of elementary algebra This i isto be rcgretted I

f onot fora moment wish to see puplls slavmg away at soul-,
mlstaken belief
o

‘sub'}ect-is'époro;ched brop 1y L

anthmeno more mtetcstmz, afld enable it 1o gwe ‘the same
kind of creative satisfaction that ch;ldren may get in art
from making a drawing or in Enghsh from writing a story..

I demonstrated in Vision in Elemnentary Mathematics that
algeb’ra ‘can-be made_ clear and interesting to qulte young
children’ by suttable dlagrams énd'-- a moi-'e severe test — 1.
_ Iso us d tl'us apptoach successfu]ly w:th older pupxls

As stzan in Elememary zVIarhemancs has been out of prmt
for quite a number of years, it may be useful to sketch the
C r{iethod described in it. We begin by presenting a well-

- nown trick and asking each child to do what the trick asks
L Jor. :

.~ Think of a number, add 3 to it, double the result,

subtract 4, divide by 2, take away the number you

first thought of.

' the end of this procedure. The answers ought to be “One”,
“One”, “One”... but it does not always work out like that.

encouraging accuracy.

Can we be sure that our trick will always work?
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One outstandmg use of algebra is tolmak the learning ¢ of 1.

We then ask each child in turn to say what number came at

Once I 'was doing this in a demonstration to a large
number of American teachers with a Grade 5 class (ten-
year-olds), and not a single child gave the answer, one.
I asked each child to show what he or she had done, and
discovered beliefs such as 2 x 7= 16. After these mistakes
had been ironed out, the whole class agreed on the answer,
one. The trick proved quite a good way of testing and

We next raise the question, why does the answer, one,
always come? Or indeed, must it always come? May there
be some awkward number that leads to another answer?

byW w. Sawyer '

At this stage a way of visualizing the mck is introduced.
We suppose the person, who is thinking of a number, puts
that number of. stones into a bag, 50 we have our plcture,

he number thought ot

'stcp,
into the bag. Mathematically this is sound enough but it is
not very helpful.as a visual aid. We may suggest that the

stones be shownioutside the bag.

. Add3

‘these may well be suggested. [t is up to the class to decide

particular numbers. Eventually there should be agreement
on the picture;—-
Double

B s

The next step, “take away 4°, usually causes no trouble.

We remove 4 stones. -
%, i », ) ©
EOED©

There may well be discussion on the next step, “divide by

*, Experiments with particular numbers, or considering

the fair sharing out of the bags and stones between two
claimants should in time lead to 0o

&

alolo]
OOO

Take away 4

Divide by 2

45

_:lluStrate the next step, “double” Should itbe 2 bags ‘and 3 .
stones, or 1 bag and 6 stones, or 2 bags and 6 stones? All of

which is right, by argument or by trying what happens with

“add 37 A chxld may suggest puttmg 3 more stones”‘ e



corru:tmss. uf thur trick§™ by‘ ‘tr} mg thm ‘on’ their
ciassm'm.s In tln. course ot th!b aomc larg,t. numbcrs may

fatlgu'., I cannot be bothered to draw the b.zg propt.rl\ and
I start to leave oft the top and bottom of the bag, The class is
vdsked what this: s1mphhud symbol 'lgoks "like; ‘and ‘they
.usually rc.ply, thc. lcm.r .\ From_ thn.n on \\ ¢ dse X as a

’not to set’ arlthmencal exerc:ses'ar random,
sequence chosen so that some pattem ‘can be Seen in the
answers For example, children may be asked to find the
(("v}\mbeqs 3x35, 6x4, 7x3, 8§x2, 9x1, 10x0 and
#.A~mine the answers, which are 25, 24 21, 16, 9, 0. Pupils
w2y notice that the downward steps are 1, 3, 5, 7, 9, the odd
numbers in order. We may go on to ask if there is anything
1nterest1ng to observe in the differences between these
numbers and 25. It is apparent that all thc -differences are
‘perfect squares.

. - 5x5=25=25-0 =5*-02
; *ex4=24=25~]1 =52-—12

. 7x3=21=25-4 =52-22
S "8x2=16=25—-9 =5%-732
Ix1l= 9=25—16=5%—42,

10x0= 0=25-25=52—-352

Surely this cannot be an accident. How can we picture
what i$ happening? We take «a . parncular result, say
7x3=52~ -2°._How are we. to_picture 25, the squarc.
of 52 The word square suggests ‘that we think of 5 rows
of 5 ob;ecrs. We are to subtract from this the square of 2.
This suggests the following diagram, in Wthh the shaded
ob;ects are supposed to have been removed

ork \\’lth this® nutataon 1 dmy 0\'CrC()mL by

"{l

Tlu. number of objects. rum.zlmm. equals 7 ~< 3; that i, to
say, |t should 'h<. pussnblc. W .u-r.my: tlu.m in 3 rows ot 7.

5 2. Now there is nOthmg special about the numbgrs 5and !
2 here. . We could rc.pIac&, 2 by any number we liked. and 5 by !
any- number larger than that then draw diagrams similar to
Flgurcs A ‘and. B"and wrm:: [h:: rc.sultmg cqu:mor;_h Lo

th d:ﬂ'erence of‘ mo squan,s is Eh surri 1ulnphcd bythc i

Whether.we it desirable to c discussion
0 thls degree of formahsm w ould dn_pcnd on thc. agc and the .
composition of the class. i :

I hope the above samples will be sufficient to justify my |
earlier statement that a major function of algebra can be to ° ;
enliven the teaching or arithmetic in elementary schools.

We now look at _oiher aspects of algebra. : ;
¢ v S . . i

b

Other Roles for Algebra

For pupils of average ability, there are obvious practical
applications. Being able to use a formuia intelligently and
correctly is often the first step in technical trammg or the
key to many branches of science,

For the very strong mathematician ot scmnusr., fac1htv_
with algebraic manipulation is indispensable. It does not
rank so high as mathematical originality, ingenuity or
insight, yet it is still important. In calculus, for instance,
algebra perpetualily occurs incidentally. A person who has
to stop and wrestle with the algebra on each occasion is like
someone who is trying t© understand a book and is continu-
ally distracted by having to spell out mdmdual words. It
should be possible to deal with the algebra automatlcaHv
and almost unconsciously.

For about ten years now I havc had three or four able and
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algubra is’ very
data and the results to be provcd are expressed by the same
equauon, d4a = 5b

“The” qucmon riscs

why 6 and :)9 Could we havc a’

imilar quesnon with. other numbus’ To answer thxs we

51mple If the nurn'ba..r is 10a+ b both thc'-'

nlgc.bra 1 woutd like tosec a rwwal of this practice.
'lasg‘ thlng I would \uah to su. is anl on aim.br.uc roqtmcs

trade. I would be qum. happv 1f a numbr.r of the older
textbooks were kept in the classroom, su thar those who !
ﬁmsh:.d the rt.gular stint of (.\L.I'CISCb .xh:.nd ot the rest, of tht.‘

This is the hame'of a problem poscd in the Open Uniiversity
booklet Calculators in the Primary School for course
PM537, page 37, quesnon 5.

|

a”{ he Problem ‘

NE 23 % 45, 315 X' 24, 'and 341 x 52 are products using the

I same five digits, "Which arrangement of these five digits
'*wes the greatest producr” _

Followmg an ‘inivestigation with a calculator, the answer
reached seemed to demand further explanation. The argu-
ment which follows does not invite the use of a calculator,
but it would not have been put together unless the cal-
culatoi_r had been available in the first instance.

Lemma o : R

% and Yy are . variables with a constant sum.
The smaller their difference, the greater their product.

Proaof

Let x+y=2k

If o e =-k B eJ. then y= hde T R
So ] =k -2,

Since & is constant, xy is greatcr when |e| is smaller, and
le| = %IJ*'- x|

t:: > {] For any- 'prddﬁét of type (i), there is a- greater
product of type (i), because '
S5x a,b,c >4 xabc.

[/ii > i) For any product of type (u), there is a greater
;oduct of type (i17), because

4abx5c—4abx:0+4abxc
>4abx50+3xc '
=4ab0 X 5+c x5

= 4dabc X 3.

[#1i > iv] For any product of type (w), ther-.. 1s a greater
product of type (i77), because

dab x 5¢0 > 4a0 x 5¢b, by the lemma.

So the greatest product must be of type (ii). There are
three plausxble cases of this type:

432 x 51 431 x 52 and 421 >< 33.
: 431 x 32 > 432 X :1 by the” lemma

‘Also -
431 x 520> 421 A 530, by the Iemma, )

so the grcatcSt product is 431 x 52,




